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ABSTRACT: | inthisarticlewewill attempt, with the help of modern mathematical technology,to revivean interest and
researchamongteachersand studentsin cubic and higher order equations. The article, writtenin attractiveMathematica’s
notebook format, basi cally comprisestwo themes: It uses Mathematica3.0 to discover simpleand natural methods, algebra
and cal culusbased methods, for solving exactly a cubic equation. Oncethe ideais discover, then the computationcan be
easily carried out by a hand, by anyonewith standardalgebraor calculusskills. In the second part we will show variety of
different problemswhose sol ution requiressolving a non-trivial cubic equation. In that part wewill take advantageof
Mathematica to do the computation.

The problemthat infected me with such virulencewas actually of little significance,and even lesser consegquence. It
concer ned solving cubic equati ons, and the answer had been known since Cardano publishedit in 1545. What | did not
know washow to driveit.

The sageswho had designedthe mathematicscurriculafor secondaryschoolshad stopped at solving quadraticeguations...

Mark Kac
How | Becamea Mathematician

American Scientist, Sep/Oct 1984

They werevery upset when | said the devel opmentof the greatestimportanceto mathematicsin Europewasthe discoveryby
Tartagliathat you can solvea cubic equation: althoughit is of little usein itself, the discoverymust have been
psychologicallywonderful. It thereforehel pedin the Renaissance, whichwas freeing man fromthe intimidationof ancients.
What the Greeksarelearningin the school is to be intimidatedinto thinking they have fallen so far bellowtheir ancestors.

Richard Feynman, physicist,
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commentsabout educational attitudeshe had met during hisvisit to Greecein 1980.
What Do you CareWhat Other People Think?, Unwin, 1988

I Discovering Solution of Cubic Equation

m Taking Advantageof Traditional Notation

We will restrict ourselves, as usually in the theory of cubic equations,to the equationsof the form x3+ px +g=0. For any
general cubiceguationa x3 + bx2 + cx+d=0 canbeeasily convertedto the previousone by the meansof the

transformationx =y - 2.

For example: Consider theequations x3 4 4 x2 - 2 x + 3 = 0, and apply substitutionx =y - 2

4
3% 5

‘5x3+4x2—2x+3/.x—>y—
3 2((4)+ )+4((4)+ )2+5((4)+ )3
s v 5 J 15 v
|Sirrp|ify[%]

2513 46 y 3
— o — =3y
675 15

Solvea few equationsby using Mathematica's command Solve, and
makean observation about their solution structure. To makethis
observation easier, usethetraditional output format. For example:
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2513 46y

Sol ve [
675 15

2
2513- 15+ 26337

1 /1 46
{y- T \3/5 (2513- 15+/26337) + _Ef/ 8

2
2513- 15+ 26337

{y_>_( _,m/é)\/ (2513- 15x/T337)+—(«/§ )\/ )

2
2513- 15+ 26337

{yﬁ_(\/§+1)\/2(2513 15x/T337)+—( —zz«/_)\/ i}

Solve [x® -3x -4 ==0, x] (1)

{{x—>\3/\/§+2+£§/54—27w/§}{x—>——( 1-iV3) \/\/§+2)——\/54 27V3 (iV3 +1)},

{x—>——(( \/§+1)\/\/§+2)—%V3 54-273 (1-iV3)}}

We can observethat a solution, especially thereal one, isof aform
x =Nu + V.

Wewill usethisfact, to find a ssimpleand natural way for solving a cubic equation. Wewill illustratethisidea by
solving theequation (1). Theequation (1) wewill rewriteas

x=3x+4,

Then set up, asobserved,
x = U + YV

and

By cubing both sides, we get

X +4=u+v+3§/ﬁ (%/U+§/V)

but 3 x + 4, by using again thefact that x = % + 3/7,0an be expressed as
3x+4=44+3 (% R/V).

Thus,

4 +3 (%+\3/V) =u+v+3m (%+W)

and so, thesolution of thecubicequationisreducedto a solution of thissystem of equations

u+v =4, and 3\/3uv =
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that is

u+v=4, and uv=1

Thelast system of equationscan bereduced to the quadratic equation
uz-4u+1=0

which hastworeal solutions, however theexpron% + 3/7 won't be affected by the choice (verify this). Thus
wecantakeas u =2 - 4/3,andv = 2 + \/3, and henceour solution to the equation (1) is

X=§/2-\/§ +%/2+\/§,

which can beverified that isthe sameasthe one obtained by Mathematica.

In thisexamplewewill consider the equation with all threereal roots.
t3+6t7"2+6t -3=0.

Completecube

t +2)3-6(t +2) +1=0,
and rewriteit as

(t +2)3 =6 (t +2) - 1.

Set up
t+2=%+i/v,
Then,

6 (t +2)—1=u+v+3\3/uv (%+§/V)
6 (t +2)-1=-1+6(3/U+3/V).

Solvethe system of equations
u+v=-1, 3V3uv =6

Itssolutionis

fflus 2 (-iV3l-1),vo S (V3L - 1)}, fu» (i V3L - 1), v = (-i V31 - 1)}}

2
Represent u and v in trigonometricform.

u=242 (cos (tan-? (\/ﬁ) -n) +dsin (tan-? (\/ﬁ) -n))

v=24 (cos(n—tan-l(\/ﬁ)) + 1 CcOoS Si n(n—tan-l(\/ﬁ)))
Computethefirst set of cuberootsof uandv.

% = \3/2 A2 (cos (t an-! (@) +1Sin (t an-! (@))
v =242 (cos (—"’tan_z(m) ) +isin (—”'tan_z(m) ))

Sincethe above complex number sar e conjugateto each other, their sumisreal. Thus, the solution of our equationis
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t+22232+2 @os(iﬁiﬁﬂgl}ort=-2+2Q2V3)

3

Theother two rootsof the cubic equation, we will get by consideringthe other two cuberootsof u and v.

t ==2 +2\3/2\/§ (cos ("’tan_l Wﬁ)d”)),and

3

t =-2 +2\3/2\/3 (cos (Han_l (M)M")).

3

m Solving Cubic Equationin Calculus

Wewill demonstratenow a completely different approach to solution of a cubicx® + p x + q = 0, by using calculus
toals, differentiation, integration, sapar ation of variables. Accordingto [1], thismethod was alr eady published by
John Landenin 1775. Theq in the cubic equation we will treat asa function of x. Thus

g=-x3-px=-x (X2+p) , q =-3x%2-p,q =-6x,and
q[0] =0, q [0]=-p, g [0]=0.

We can observethat

-18q
q -2p’

q” =
from which we get that

9 q -2pq=-18q,

multiplyingby q',

9’ (@)*-2pqgq =-184qq’,

integratingboth sides

(@)°-3p(q)*=-27 (q)% +c.

By using theinitial conditions, wewill find that

c=-4p3.

Thuswehavethat (q' )3 -3p (q' )% =-27 (q)2 - 4 p3, thatis

(@)% (9 -3p) =-27 (q)% - 4p°.

By substitutingexplicit formulafor ' ing - 3 p, on theleft side, we get that
(9)? (3x2 +4p) =27 (q)2 + 4 p°.

It can be observed now that the abovedifferential equation can be solved by separatingvariables.

dx - _ dg
\/3x2+4p /27 q2+4p3

If p > 0,theintegrationwill yield

1 ; 3 ___1 : 27
ﬁArcSmh[ —_ x]_ = ArcSmh[ 703 q],

from which
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X = - 4/ 22 Sinh [iArcSinh{ - q]]
3 3 4p

If p < O0,theintegrationwill yield, in theaboveformulaArcSinin placeof ArcSinh.

oot 5

Since, in theaboveformula, ArcSinisa multivalued function, by selectingan appropriatebranch,thatisninthe
formulabelow, we can find all theroots.

Namely, x = + /—%(4 P) Sin[%[nn+ArcSin[[ —% Q]]]

Wewould liketo writea programthat will computeall real rootsfor areal cubic equation by usingtheformulas
with Sin and Sinh.

First, however, wewill need to derivea well -known formulafor discriminant. Thediscrimminantis
isdefined asDi scr = —ﬁ (X1 =X2)2 (X1 - X3)2 (X2 = X3)?2

If D> 0, then the cubic equation hasonly onereal root. If D < 0, then the cubic equation hasthreedistinct roots. I f
Discr=0, then the cubic equation hasall threerootsreal, but two of them arerepeated.

Theconstant % isintroducedin order to obtain convenient easily rememberedfinal form.

s=x/. Solve[x®+px +q==0, X];
Discrip_, gq_]=FullSinplify]|

1
- —— (X1 -%2)% (X1 -X3)? (X2 -%3)% /. {1 ->S[[1]], X2 ->S[[2]], X3 ->S[[3]]}]

108

3 2
P .1
27 4

Now we arein positionto define, in Mathematica’ ssyntax, the functionrealr oots that will computethe real rootsof acubic
equationx® + p x +q = 0, pandg+0, and two auxiliary functionr ootp whichwill computethe only real root in the case
p > 0 sincediscriminentis positive, and functionrootn whichwill compotethereal rootsinthecasep < 0.
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4 1 27
rootp[p_, q_]:=N[-4/TpSinh[§ArcSinh[ T all]:

1 . 1 . 27
rootn[p_, q_, n_1:= (-1)"N[ -3 (4 p) Sln[g [nn+ArcS|n[ s q]]]]

General : :spel |l 1:
Possible spelling error: new synmbol nane "rootn"
is simlar to existing synbol "rootp".

real roots[x_°2
V\hich[
p>0, rootp[p, ql,

p<0&%q<0&&Di scr[p, q] >0, rootn[p, g, 2],

p<0&%q>08&%&D scr[p, q] >0, rootn[p, g, 11,

p<0&&Discr[p, q] <=0, {rootn[p, g, 0], rootn[p, g, 1], rootn[p, q, 21},

p == 0, —%] // Chop

+Pp_ X_ +Q_]:=

Now wewill examinehow realr ootsfunctionworksin practice, pointing out possibleproblemswith their solutions.

Example: Onereal root,p > 0, X% + 2 X + 4 ==

| real roots[x3+2x +4]

I -1.17951

| NSol ve [x3 +2 X +4 == 0, X]

{{x -> -1.17951}, {x -> 0.589755 - 1.74454 |},
{x -> 0.589755 + 1.74454 |}}

Comments: realr oots finds correctly the only one solution

Example: Onereal root,p < 0, x3 -2 x +3 == 0.



Ictcm97.nb

| real roots [x3-2x +3]

I -1. 89329

| NSol ve [x*3 -2Xx +3 ==0, Xx]

{{x -> -1.89329}, {x -> 0.946645 - 0.829704 |},
{x -> 0.946645 + 0.829704 1}}

Comments: realr oots finds correctly the only one solution

Example: Threereal roots,p < 0, x3 -3 x -1 ==

| real roots[x3-3x-1]

I {-0.347296, -1.53209, 1.87939}

| NSol ve [x3 -3 x -1 ==0, X]

I {{x -> -1.53209}, {x -> -0.347296}, {x -> 1.87939}}

Comments:realroots findscorrectlyall the solutions

Example: Repeated roots, x2 - 3 \3/0. 25 x -1 ==
‘ real roots[x3—3\/3 0.25 x -1]

I 1.5874

‘r@mvep3-3@Q25X-1==Q x]

I {{x -> -0.793701}, {x -> -0.793701}, {x -> 1.5874}}

Comments:. realroots failedto find al the roots. Reason, the Discr funtionwasnot evaluatedto zero becausethe
coefficientswereentered numerically.
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realroots[x3—3 3 i x—1]
\/ 4

{-0.793701, -0.793701, 1.5874}

m Solution of Cubic Equationby Mark Kac

In the book Mathematicsand Logic, Mark Kac providesyet another method to solvea cubic equation. A method discovered
by himself in his youth. He madean observation, using alternatinggroupsand symmetricpolynomial s, that the expressions
f(x,y,2:=2W+yw+ x)% and gX ¥, 2 := (YW2 + ZW+ x)%, wherew is the cubic root of unity and x,y,z arethe roots of
a cubic equation, can be solely expressedby the coefficientsof a cubic equations. In this sectionwe will assumethat a cubic
equationis of theformx3 + px + g = 0. Thenby using exact formulasfor the roots, obtained by applyingSolve command
, we computef and g at theserootsand simplify the result by using the commandFull Simplify.

| Clear[w, f, g, a, b]

1 V3i

: Expand[w?]

f(X,y_,2z):=@W+yw+ x> roots= x /. Solve(x® + px + q==0, X);
FullSimplify f @@root9

General : :spel | :
Possible spelling error: new synmbol nane "roots"
is simlar to existing synbols {rootn, rootp, Roots}.

3 2
-3(9q+ Sgrt[3] Sagrt[4 p + 27 q])
2

Since Mathemetica rendersa cube root of a negativereal number as acomplex number, wewouldlikeit to be areal number,
we defined our own cuberoot function.

cuberoot [x_]:=1f [Re[x] <0, WW, 3/;]
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a[p_, q_]: = cuberoot [—% (9a++3 Vapz+27q2)]

gX_, Y, Z) = (@W+ YW + X)°; roots= X /. Solve(x® + pXx + q == 0, X);
FullSmplifygeer ooty

3 2
-27 g + Sqrt[108 p + 729 g ]
2

b[p_, g_] : = cuber oot [% (V108 p® + 7292 -27q) ]

By applyingthefactthatx +y + z = 0, wecan set up asystemof linear equations.

kacway [p_, q_1] : =
NSol ve[{Xx +y +Z ==0, zW +yw+X ==a[p, q], YW +zw+X ==b[p, q]}, {X, ¥V, 2}]

| kacway [-2, 4] // Chop
I {{x ->-2., y->1. +1. 1, z ->1. - 1. |}}
Mathematica’ ssolution.

| NSolvex® — 2x + 4 == 0)

I{{x -> -2}, {x->1. - 1. I}, {x->1. + 1. 1}}

Unfortunately, kacway does not alwaysproducesa correct solution. This problemis caused by multiple-val uedroot
functionsin complex domain. Oneway to solvethis problem, probably not the best, isto multiply theright side of the
systemof equationby w or w?. In other words, consider different branch For example:

| NSol ve[x*3 -4x +1 ==0]

I {{x -> -2.11491}, {x -> 0.254102}, {x -> 1.86081}}

But, kacway will do incorrectly.
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11

kacway [-4, 1] // Chop

{{x -> -0.930403 + 1.61151 |, y -> 1.05745 - 1.83156 I,
z -> -0.127051 + 0.220059 |}}

To correct this problem, consider

kacway2[p_, gq_]: =
NSol ve[{Xx +y +Z ==0, zW +y W+ X ==W *a[p, q], YW +zw+X ==W % b[p, ql},
{x, y, z}]

| kacway2[-4, 1] // Chop

I {{x -> 1.86081, y -> -2.11491, z -> 0.254102}}

I Problems with Cubic Eqauation

Making Box
Height of Water in Spherical Tank
The Smallest Distancefrom a Parabola

Pumping Water out of Tank

]

]

]

]

m Equation of Statefor Real Gases
m Electrical Resistance

m FindingInterest Rate

m Break-Even Pointsin Economics
m

Von Neumann’sM odel of an Expanding Economy

m Trisectingthe Angle

m After the proof of Feramat’sLast Theorem ,Andrew Wiles, Open Problem for the Next Century
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